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ABSTRACT

It is shown that the set of squares {n%]n =1, 2, ...} or, more generally, sets
{n'|n=1,2,...}), tapositive integer, satisfies the pointwise ergodic theorem
for L2 functions. This gives an affirmative answer to a problem considered by
A. Bellow [Be] and H. Furstenberg [Fu]. The previous result extends to
polynomial sets { p(n)|n =1, 2, ...} and systems of commuting transforma-
tions. We also state density conditions for random sets of integers in order to
be “good sequences” for L?-functions, p > 1.

1. Introduction

Let (Q,u, T) be a dynamical system and N a subset of the positive integers.
For bounded measurable functions fon Q, consider the “maximal function” of
the ergodic averages with respect to N
(1.1) J”Nf:SUleA,fl

jzl
where

drf=— 3 T°f and A =Nn0,jl.
IA] nea
The purpose of this paper is to prove for certain arithmetic sets N the a priori
L*bound on . Considering for (Q, u#, T) the shift on Z (or on a cyclic group
Zy), 4y becomes the maximal function corresponding to a sequence of
convolution operators. As such, we will prove boundedness properties using
Fourier transform methods. Of course, this is essentially an L?-theory and
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does not enable to obtain weak-type bounds on L!, for instance (thus the full
analogue of Birkhoff’s theorem). There is a variety of results that one can
obtain by this method, the main request being to have enough information
about the Fourier transform of the underlying kernels. In the applications
listed below, these Fourier transforms appear as Weyl exponential sums and
have been well studied in Number Theory. We will use results from [S], [Vaug],
and [Vin].

THEOREM 1. IfN = {n?|nE€NY), then .# is L*-bounded, i .., there is the
Jollowing inequality (a priori for bounded measurable functions):

(1.2) bt Wt = C S iy

THEOREM 2. The analogue of Theorem 1 for N = {n' | n €N}, t a positive
integer.

The proof of Theorem 1 is more elementary and we tried to make the
argument more self-contained. The relevant exponential sums for t = 2 are
Gauss sums which are easier to handle. We will make use of an estimate from
Sarkozy’s paper [S] (see Lemma 4.1).

In proving Theorem 2, we will use some facts related to exponential sums
which appear in solving the Waring problem. Our discussion is based on the
references [Vaug] and [Vin].

Theorem 2 can be extended to polynomial functions p(n), p with integer
coefficients, using the same method as for powers p(n)= n’. Possibly the
L*-estimates appearing here can be combined with certain interpolation
methods to get the maximal inequality on L? for p > 1. This will be in-
vestigated elsewhere."

There is the following corollary of the equidistribution (mod 1) of {n'«} for
« an irrational number.

CorOLLARY 3. (1/n)Z52h fix + m'a)— [, fix)dx a.s. for «ER\Q and f
a bounded measurable function on T = R/Z.

Observe that the equidistribution results only imply convergence in the
mean. There is also the following consequence related to results in Marstrand’s
paper [M].1

! See the forthcoming paper [B2] in this respect.
" The results presented in this paper remain valid for positive isometries.
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CoROLLARY 4. (1/n) 222y f2"x)— [ fix)dx a.s., for fbounded measur-
able on T, generalizing the Riesz-Raikov result fort = 1.

Corollary 3 has the following generalization for arbitrary measure preserv-
ing transformations.

THEOREM 5. Let (Q, u, T) be a dynamical system and t = 1 an integer.
Then, for fELYQ, u),
l n
A f=~ L T™f

Rm=1
converges a.e. for n — .

The same statement holds replacing n’ by p(n) an arbitrary polynomial with
integer coefficients.

As for Theorem 2, the proof of Theorem 35 is only worked out for powers
p(n)=n'. The argument for polynomials is almost identical and left to the
reader. (The relevant exponential sums for a polynomial p(n) of degree t are at
least as good as in the case p(n) = n', discussed in Section 6 of this paper.) An
alternative approach is presented in Appendix 2.

The main problem here is due to the fact that, in general, there is no natural
dense set of functions for which the a.s. convergence holds. Theorem 5 is thus
not an immediate consequence of Theorem 2. However, we will use the
maximal function inequality given by Theorem 2 and the elements of the
proof. Observe indeed that the L*-boundedness of .4 f=sup,,| o, f| re-
duces the problem to L*-bounded functions.

The main results of this paper were announced in [B1].

2. Reduction to the shift

In the context of the maximal function problem, the case of a general
dynamical system (L, 1, T') is equivalent to the shift S acting on a cyclic group
Zy = Z/KZ or on the integers Z. (In the Z-case, we may take functions with a
finite support in proving a priori inequalities.) Let x €€ be a fixed point and
define fon Z by

(2.1 JU) = ATx) = Tfix)

where fis a bounded measurable function on Q.
Then for ACZ
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MJ(J)—I—“ X G+ )=— L T'(T'x) = s\ f(T'x)

Al ke A kea

and thus

(2.2) My S = My, (T'X)

for any initial segment Ny = N N [0, R] of the set N.
Assume now | < p < oo and that we have an inequality relative to (Z, S)

(2.3) I 2o llo=Blol,-

Put ¢ =f|[|j,§,]. Since clearly .y f(j) = M 0 (j) if |j| <J —R, it follows
from (2.3) that

T NP =B EI()Y,

ljil<J—R
hence from (2.1), (2.2)
1 A 1 A
- X (M ATX)P =B ¥ [ ATX)P.
Jj1<J-R J 1=y

Since this inequality is valid for all x €Q, integration and using the fact that T
is measure preserving yields

1
SR MyfNE =B S

and letting J > «©

I#wf N, =B NS,

Since N, is an arbitrary finite segment of N, this completes the proof.

REMARKS. (1) Previous argument yields also a proof of the weak-type
inequality for the maximal function in the context of Birkhoff’s theorem.
(2) The generalization to positive isometries is straightforward.

3. Fourier transform estimate of certain maximal functions

For « €T, the Fourier transform f{a) of a (finitely supported) function fon Z
is given by

fly=% fl)e—2e

j€z
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and by Parsaval’s identity

S G2 = L /(@) e

jez
If T is the shift on Z, then
1 n

T™f= f*K, where K, = 5 O (e
n+1m2=0 f=1 n+1m2=o()

Thus
1 A .
(f*K,)(x)= fo A)K ()™ da

where K, () is given by the exponential sum

A | ,
Kn 0() — e2mm'a.
( n+1 m2=0

Clearly, in evaluating the maximal operator, it suffices to consider diadic
values of n, i.e, n€Z={2* |k =1,2,...}. The advantage of considering
Fourier transforms lies in the following consideration. Assume we obtained for
each n an approximation L, of K, in the sense that

(3.1) WK, — L, |[.<(ogn)™?, >4

We then have

sup|f+K,| <sup|f+L,| +( 3 1f+(K, —L,,)P)"z,

nez z n€Z

=
2

A k-] i

nezZ

sup | f* K, | sup | f*L,|
Z zZ

where, by (3.1),

n€zZ

) R 172 © 12
(2 uK,.—Lnni) é(zrh) <.
j=1

Essentially speaking, the L, are obtained by restricting K,, to a system of major
arcs, where it has a “nice” behaviour. The following lemma will be useful in
evaluating the major arc contribution.

Let 0 = ¢ =1 be a smooth bumpfunction vanishing outside a 7-neighbor-
hood of 0. Assume k € L'(R) satisfies a maximal inequality
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3.2)

1
sup lf* kt l H L®) = C(k) " f " LYR) where k,(X) = _t' k (f) .

t>0

Let # be a set of rational points 8 [0, 1] which can be given a common
denominator Q satisfying

(3.3) Ot <1.

For fa (finitely supported) function fon Z, define

(3.4) Afx)= Y | kt(a— 8)) fla)c*™=p(a — O)da

aeR

and the maximal operator

Mf=supl|A,fl|.
t>0
Then
(3.5 | Mf | 2y = dc(k) || f 1 2y

ProoF. Rewrite 4, fas
A flx) = f ) E(tﬂ)w(ﬂ)[ T fo +ﬂ)e2m‘w+ﬂ>x] dpB
- o€ R

andputx = Qy + zwherey€Z,z€{0, 1,..., Q — 1}. Thus by hypothesis on
AR and Q

(3.6) A f(x) = f k(B)p(B)F(z, Be?™d
where
F(z,p)= 3 J(O + B)ero+s»,
geR
We have
Q-1 A 2
6D 1Ml = |sw| [ Kupepire, pereds |
z=0 1l >0 (z.dy)

and evaluate for fixed z the corresponding term in (3.7). The purpose of what
follows is to replace the /(Z, dy) and L*(R) norms.
Denote { the best constant in the a priori inequality
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(3.8)

[kapwwrpeea| | <o [iroreera)”

sup
>0

For 0 < u = 1, estimate the left member of (3.8) as

sup
>0

[ kuprrpeneo ||
3.9

+ || sup

>0

[ Eepopr@pyee - 1)e2"fQﬂYd/3|

iz
and use (3.8) to evaluate the second term in (3.9) as
, ] 172 12
o [1E@riese —1popyas)” = ceen (| E@od)
(3.10)

Integrating the first term in (3.9) with respect to u €[0, 1], there follows from
(3.2) and a change of variable y’ = Qy the estimate

LY ( [ IF(ﬂ)lzw(ﬂ)zdﬂ> "

Lz(R) Q 172

sup
>0

3.11)

[ E(tﬂ)w(ﬂ)F(ﬂ)ez”"”‘-’yd/>’|

Consequently, by (3.10), (3.11) and (3.3)

C(k) C(k)
Q1/2 ={=2 5172 .

(3.12) {=C@n) +

Applying (3.8), (3.12) to (3.7) gives

C(k)? 0-1 A
I Mf"zzé“—(z)—fmﬂ)z S |5 26+l dp

fcR

z=0

—4cky [ o(p)? 3 170 + p)1idp

ER

sacar( [ ey da)

using the fact that, by (3.3), the functions ¢, (8 € 2) are disjointly supported.
Thus || Mf ||, = 4C(k) || f ||, proving (3.4).
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4. The behaviour of Gauss sums

In this section, consider the case ¢ = 2 where K, (a) = (1/n) =2} e*"™= The
purpose of what follows is to provide the substitute L, (a) of K,(a) by studying
the behavior of K, () on a suitable system of major arcs. We are giving some

details, rather than invoking directly [Vaug] (Lemma 2.7). The following
lemma appears in [S].

LEMMA 4.1. Let a be a real number and a,q =1 integers satisfying
(a,q)=1and |a —alq| < 1/q* Then

im?
e2mm '«

0

[ skl

< C{—\nf(; +(nlogg)"* + (qlog q)”z} .

m

I

Letting for (a,q)=1

tost
S(g,a)y=—- Y e*™  (Gauss sum)

qr=0
we also have that
LEMMA 4.2. |S(q,a)| <Cq "2
LeEMMA 4.3, Assumel =a =q<n®(v =tk say), (a,q)=1 and

a€E.M(g,a)={a€EM;}a—alq| <1/n*").

Then
(4.9) K,(a) = S(q, a)v,(a — alg) + O(n~"?
where
.5) = | ' rmnnngy
0

If |a| < 1/n*7", then K, (@) = v,{a) + O(n ~").

PrROOF. Forl=m=n,m=dqg+r(0=r<g)andf =a—alg,
m?a=(d*q* + 2rdq + r? <£l +,B)EZ + rlalq + d*q* + O(n®").
q

Hence
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R lazt  Nignwe
K,,(a)=<— Z eznr(a/(i)r)(_ z eandqﬂ>+0(q/n)+O(nZU—l).

dr=0 Hd=0

Since ford <41 <d + |, | ¥4 — 494 | < Cp—'+Y,
; 4 (™ g
K\(e) = S(q, a) (— [ ) + 0y
nJo

implying (4.4).

FixO<p <1andlet 0 = ¢, =1 be a smooth bumpfunction on R such that

g(By=1 if|f] <27V,
p(B)=0 if|B]|>22"",
Define also
I,={(aq)|1=a<gq,(a,g)=1ands =g =2s).
Let

(4.6) Lio=v+ % I Sg,aWa—alg)pla—alg).

sdiadic (a.g9)ET;
LemMA 4.6. || K, — L, ||.<Clogn)~"*.

Proor. By definition of ¢,, it follows that for each generation I',, the
functions g¢,(a — a/q) are disjointly supported. Moreover, by (5.2) and the fact
that from van der Corput’s lemma

va(B) <Cn~' g1~
forI'CT,

2 1S(g, a)|9a—alq)|v,(a—alq))

(a,q)€T

4,
(@.7) =Cs " sup [l +nja—alq|"] "

(a.g)€T

Assume first x€.#(q, a), s = g < 2s. Then K,(a) is given by (4.4). We have
la—a’lq’| > 1/nif ¢ <n'? (a, q)# (a’, q’). Hence, by (4.7)

(4.8) L.(a) = S(q, a)v,(a — alg)pa — alg) + O(n "),
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If s <logn, then p,(a —a/q)=1 and (K (a)— L (a)| <Cn " If s*=
log n, then

1S(g, a)| < C(log n)~"%
and thus
|Ku() — L(a)] = |Ku(e)] + | Lo(a)] < Cllogn) =",
Next assume « is not in a major arc, thus |a| >n~"2*and
la—alg|<n ?*’=gq=n".

By Dirichlet’s principle, given «, we may find a =g, (a,q) =1 satisfying
g<n’’ la—alql =q 'n"**' <g 2 Thus, by assumption, g > n®.

From (4.1), it follows that |K,(a)] < Cr 3. On the other hand, again
by (4.7)

I: Q)| = Cs 12 -v2 4 s™V2 = O(n 2
n
s<n’ s>n"
s diadic s diadic

completing the proof.

5. Proof of Theorem 1

Coming back to the discussion in Section 3, it follows from (4.7) that (3.1)
holds provided p < 1. Thus we are reduced to evaluating in L2 norm

sup [f*L,|
nez
(5.1)
=sup
nez

f Aoy, (a)e*™=da

(52) + Y sup

sdiadic n€Z

E S(g, a) ff(a)v,,(a — a/q)(ps(a — a/q)eZniaxda

(a,q)ET,

Since the argument to bound (5.1) is contained in the argument to estimate the
s-term in (5.2), we only consider the sum (5.2). Denote B, the best constant
satisfying an tnequality

(5.3)

sup) 71811 | =512

where
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Falgl)= ¥ | &l@)vi(a—alg)pla—alg)e’ da.
(a.q)ET,

Clearly

S S(.a) f F@vi(a — alg)p(a — alg)e™da = 7, [g.]

(a,q)ET,
defining
&= X S@afu,

(a,g)ET,

where 1, is a 2.2 neighborhood of a/q. Thus by (4.2) and (5.3)

up|%,(8.11 | =B, 1815 CBs ™) £,

and to control the sum in (5.2) it suffices to let B, fulfil the condition
(5.4) YBs < x,

The remainder of this section deals with (5.3). Fix é <p and consider a
further splitting of I', in s' ~¢ sets A each of which only involves s° values of ¢,
which consequently have common multiple Q = Q, satisfying

(5.5) log O = (log s)s° < s*.

We prove that for each such set A

(5.6) Y | &v.(a—alg)p(a—alq)e*™da

(@.q)EA

sup

n

=Clgl:

where ¢ = ¢, is supported by a 7-neighborhood of 0, TQ <1 (from the
definition of ¢,). In (5.6), C is a fixed constant, implying, by the triangle
inequality,

B,=C-s'¢

and thus (5.4), taking § <d <p < 1.
To obtain (5.6), the general estimate of Section 3 is used. Rewrite

v | S 1
— 2rin’x3g - 2min*fy — — pn?
v,(B) fo e dx 5 fo e \/_ydy k(— n?p)

—-1/2

where k(y) = 1y ~"%x,,; is in L'(R) ( = quadratic density). Since & is decreas-
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ing, we may take C(k) to be a constant in (3.2) and (3.5) completes the proof,
since (3.3) is verified. The left member of (5.6) is indeed bounded by

Y | k(t(alg — a)g(a)e™ p(a — alg)de

(a,q9)EA

sup
>0

6. Proof of Theorem 2

The problem in the case of higher powers {n'}, t > 2 comes from worse
bounds on the corresponding Weyl sums

1ozt
6.1) S(g,a)=— 3% ™" (a,q)=1.
qr=0

Recall first H. Weyl’s inequality.

LEMMA 6.2. Let (a,q)=1, |a—alq| <l/q* and fla)=Z}_,e"™™
Then

[fla)| =n' g ' +n "+ qn 1" where K =2'"".
Let again v = 7 and consider the same system of major arcs
My={aE€T| |a| <n="**}.
For(a,q)=1,1=<a<q<n’
Mg, a)={a€ET| |a—alg| <n~'**).
We then have by [Vaug] (Lemma 2.7)

LEMMA 6.3. Let K,(a)=(1/n)Zl_oe™™ and «E.My or «E€.4(q, a).
Then

(6.4) K, (o) = S(q, s)v,(a — alg) + O(n~'"?

where now S(q, a) is given by (6.1) and

1
va(B) = f e ¥Belx .
0

If a is not in a major arc, then by Dirichlet’s principle and Lemma 6.2,
(6.5) | K (a)] S n~vK+e,

In the next lemma, information about the S(gq, a) is summarized.
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LEMMA.
(6.6) |S(q,a)| = CqV *e.
6.7 Ifqis prime and(a, q) =1, then |S(q,a)| < Cq~ "
(6.8) Ifqisprime,(a,q)=1andk > 1, then
|S(g%, a)| <Cq~".
6.9) Letpbeaprime(p,q)=1and(a, pqg)=1. Then

|S(pq,a)] < Cp~'2q-VK+e,
IS(p*g,a)| = Cp~lq=VE+e  fork > 1.

ProOOF. (6.6) follows from (6.2) taking o = a/q, n = q. (6.7) is a particular
case of an inequality due to A. Weil (see [L-N] for an elementary exposition).
To prove (6.8), we may assume (g, ¢) = 1. Writing for 0 = m < ¢*,

m=y+zg ', 0=y<g!, 0=z<gq,

we have

imlag —* v ~k jupt—l=ag—1
2 6,me ag—k _ z €27u,\'aq ( 2 eZm)' tzaq >

0=m<g* osy<g! 0=:<gq

=q Z eZniy'aq"‘
Osy<g!
qly

implying (6.8).
To prove (6.9), observe that the residue classes mod p*q have a unique
representation

m=xp*+yq; 0=x<gq, 0=y<pk

Hence

2 eZm’m'a/p“q — < E e2nix'a'q“>< 2 e27tiy’a”p“‘>

0§m<p"q 0=x<g 0§y<p“
where @’ = ap*'~Y, a” = aq'~!, hence (a’, g) = 1 = (a”, p). Consequently

|S(p*q, a)| = 1S(g, @))| - |S(p*, a")|
and (6.9) follows immediately from (6.6) and (6.7), (6.8).
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LEMMA 6.10. Assume(a, q) = 1, q has a prime factor at least equal to s and
q>s'*%. Then

[S(g,a)| <Cs~V2-% §'<4dIK.

PrOOF. Write g = p*q’ with p = s, pprime and ( p, ¢’) = 1. Apply (6.9). If
k>1,|5(g, a)| =s'. Otherwise

IS(q, a)l <p—1/2(q/p)—lll(+z <s-\/2+l/Ks—(1+6)(1/K-z). .

Our next purpose is to write an appropriate approximation L, () for K,(a),
such that

WL, — K, . <(ogn)™® (o>}

and | sup,|f*L,| ||, may be estimated similarly as in the quadratic case.
FixO<p<l<kandd>0.Let fordiadics,0=¢, =1and 0=y, =1be
smooth functions satisfying

o(B)=1 if || <2 and ¢(B)=0 for |B|>2.2"",
w(B)=1 if |B1<27% and w(B)=0 for|B|>22"07

Define
Qs — [s!]C(t)[loss]

where C(t) is a large integer depending on ¢.
Let further

I ={(a,9)|(a,q)=1and g | Q,},
rs = I-qs \r—s—l,
and define

6.11) Ly@=v @+ ¥ X S ay,(a—alg)yla—alq)

s diadic (a,9)€T,

(6.12) + Y I S(g,a).(a—alg)e, — y)a—alq).
s diadic (a ,q)lE&
q4ss

LEMMA 6.13. |K, (o) — L, ()| = (log n) ~° for some ¢ > 4.
Observe that for each sin (6.11), ¢ I 0, if (a, Q)EI“S where

log Q, ~s(logs)’<s*  (k>1).
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The bumpfunction y, is thus supported by a 7-neighborhood of 0 where
7-Q, <1. Therefore, (6.11) gives a maximal function estimated as

(6.14) 2 sup |S(q,a)

s diadic (a,q)ET;

using again the rsult of Section 3, where now
1
k(y)= g)—]_—mX[O,lr

Notice that, by definition of Q,, if (a, q)&I,_,, necessarily ¢ =s and
|S(g, a)| <s~ 2k Hence (6.14) is bounded. To estimate the contribution of
the terms in (6.12), split

I, N {(a,q)|q=s5"%

is s2*(1-) sets A, each of which only involves s* values of ¢. Taking p’ <p,
these ¢’s will have a common multiple Q satisfying

logQ =5 logs <s# =10 <1

letting T = 2.2 =, since ¢, is supported by a T-neighborhood of 0, the estimate
in Section 3 appies to each set A. The contribution of (6.12) is evaluated as

2 s l/K+ssJ+(l - < ©
s diadic

provide
(6.15) 1/K > + (1 — p’) + &, leading to the condition d + (1 — p) < /K.

ProOOF OF (6.13). Observe that again by van der Corput’s lemma

va(B) =

1
f eznin'ﬂx‘dx’ = Cn -1 Iﬂ , -t
0

and that for fixed s

{(vila —alq)|(a,9)ET,}; {(pla—alq)|q=s'*?)

are disjointly supported functions. Therefore, if ' C I’

E S(Qa a)v,,(a - a/Q)Ws(a - a/q)'

(a,g)€T

(6.16) =C sup {IS(q,a)l-[1 +nla—alg|"]"",

(a.9)€r
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2 S(g,aw.a—alg)p(a—alqg)
(a,q)€+1'
g=s

(6.17) =C sup (IS(g, )| -[1 +n|a—alg|"]~1).

(a.q)€T

Assume first o belongs to a major arc 4, or .#(q, a), ¢ <n®. Then K,(«) is
given by (6.4)

K@) = S(q, a)v,(a—alg) + O(n~"?).
Assume (a, q)E€T,. For each s/, let I, =T, \ {(a, ¢)}. Then

L,(&)=S(q, a)v,(a — alq)y(a — alq)
+ S(q, ay,(a — algXp, — w Mo —alq) (ifg <s'*%)
+ error term E

where by (6.16), (6.17)

(6.18) E = E sup {IS(q’,a’)I-[l+n|a—a’/q’$”‘]“}.

s’ diadic (¢",a")ET,
Notice that if (a, q) # (a’, ¢’), ¢’ <n, then

a a’

q q

|

nl+v

=

a/
a——ji >2n" 7,

q
If ¢’>n, then |S(q’,a’)| <n~"*X_ Also, if (¢’, a’)ET,, necessarily g’ > s’,
hence

[S(q’, a’)| <(s7)~"K.
Thus (6.18) is bounded by
E§ 2 (S/)_UZK/\H_UZK<Cn_”3K.
s’ diadic

Assume q <s'*?. Then

En(a) =S(g, a)v,(a« — a/q)pa —alq) + On~ |/31<).
If p(a —alq) # 1, then

n~'>\la—alq)| >2 " =s5>(logn)'”.
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By definition of Q, and the fact that (a, g) €T, _,, ¢ has a prime factor at least s
and consequently, by (6.9),

|S(g,a)| <Cs "< C(ogn)=?, o=1/2p>4%
Hence
|K,(a) — L()] <1S(g,a)} <C(logn)~°.

Assume q >s' 4. It follows from (6.10) that | S(g, a)| <s~ 2% provided
g has a prime factor = 5. Otherwise, by definition of Q,_;, log ¢ > C(¢)-log s.
In the last case, using (6.6), for appropriate C(1), |S(g, a)| <s~'. We have

K,(e)=S(g, a)v,(a —alq)+ O(n~'?),
L,(a)=S8(q, a)v,(a — a/q)y(a — alq) + O(n ~'73K),
If y(ax—a/q)+# 1, then
n't > la—alg| >2""=s5>(logn)"~
and consequently
|Ky(e) = L(@)| < 1S(q,a)| <(logn) """ X2+H < (logn)~°, 0>}

provided
1 +20">x.

This establishes (6.13) for « in a major arc.
Thus it remains to consider the case a €. #,and a & .#(q, a) for g <n®. By
(6.5), 1K, ()| <n 2K+t Estimate L,(a) by (6.16), (6.17) as

L@ =n Yo"+ ¥ sup {IS(g,a)|-[1 +nla—al/g|"] ).

s diadic (a.q)ET;

By hypothesis, |a| >n"'*" and |a—a/q|>n""*" for g<n®. If ¢ = n*,
|S(q, a)| <n~?k, Also, again |S(q, a)| <s~V*  for (a, q)ET,, since g = s.
Hence

IL‘n(a)l én—ult + Z (S_I/ZK/\H_U/zK)<Cn-0/3K.
s diadic

This completes the proof of (6.13) and hence of Theorem 2.
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7. Proof of Theorem 5

Suppose || f||.=1, | fll. =1 and o, f=(1/n) 2" _, T™ fdoes not con-
verge a.s. Then there is 7 > 0 and an increasing sequence of integers n, < n;, <
cor <Py < <---, m>2n,_,, such that for each k

7.1) u[ max I&K’,,f—d,,k_‘fl>r]>t.

o <n<ng

Take ¢ = 7/10 and define S = {[1 +&)']; r =1,2,...}. Since || f||, =1, for
n=(l+ey=n=(1+e*!

[‘anf_ 'ﬂn’f, =de.
Thus, letting S, =S N [n,_,, nel,
max ‘ﬂnf_’dnk_.flém%xidnf_ﬂnk_lfl+48a
neES,

Moy <n<m

(7.2)
u[max | A f— oA, _ ]l >r/2]>r.
neSy

Our purpose is to show that taking K = K(t) sufficiently large, (7.2) cannot
hold for k =1,..., K. This is a statement of “finite nature” and, as for the
maximal operator, the general case is equivalent to the special case of the shift
on Z. The argument is similar to the one appearing in Section 2. Thus for fixed
x €, define p on Z by

p(j)=ATx) forl|j|=J
=0 for |j| >J

when J is taken large enough (depending on ny). Assume the following
statement holds:

LEMMA 7.3. If | ¢ || = 1 is a finitely supported function on Z, then

)y

1=k=K

2

,S0KK e I3

maxl&/,,(p - 'Mn,_.¢,

nes;
when 6(K)— 0 for K — .

We thus obtain by definition of ¢, letting R = nk,

- [max!wnf—a«m_.f)mx)l]zégK Y IATx)

k=1|jj<J—RL "€S HEY
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Integrating in x €€, since 7T is measure preserving

K
(J—R) X
k=1

2
masxlvcl,,f— Ay f] “ =O0KJ | fli3
neES 2

and (7.2) implies

J—R1
— % <OK)| £} hence T*<46(K),

a contradiction for X — x.

In the case of the shift (Z,S), we have o/,¢p =¢ K, when K, =
(1/n) Z5 -\ 0. Again, with L, defined by (6.11), (6.12) and n, = (1 + &)

maxl’dn¢_dnk_|¢l HZ

neS;

N . 112
= |maxipeLy =Lt | +( 2 1K~ L2)

neES;

<

172
maXI(p*(Ln—Lnk_.)lH2+8“’< 2 r‘z") (kAP

nES, Pe-1<r<rg

and the left member of (7.3) is bounded by

(7.4) c Y
1sksK

<k=

2
max |¢ *(L, — L, )| HZ + ()|l o 13

nesS;
Coming back to the definition of L,(c) given by (6.11), (6.12), we may write

(7.5)  Lia=vix)+ T T S(q, ayw,(a—algnda—alq)

S diadic (a,9)EAg
where

1
()= [ s,

(a,9)EAs=¢q | Qsand 0 = 55 = | is a smooth bumpfunction. As shown in the
previous section

<csF
2

f @(a) |: Z S(q, a)V,,(a — a/q)rls(a — a/q)]eZﬂiuda

sup
n (a,q)EAs

(7.6)
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for some x > 0. Thus the larger values of s will have a small contribution in
(7.4). More precisely, fix 5, and estimate, by (7.6),

1.7 “ masx lo*(L, — L, )l l. =
neS, 2

M, _ .)l” +c ¥ s7"

SZ5
s diadic

letting

(7.8) M) =vx+ ¥ T S(g, a)v,(a—alg)ngda—alg).

S =5 (a,9)€EAs

Estimate the sum in (7.4) as

Ksg*+ Y

I=sk=K

79 +1A Y ¥ X%

max
neS;

f P(@)(Vvy — VM) da

2

max
neEeS,

f (0((1)(1’ ,,k_l)(a - a/q)ns(a — a/q)elnixada

2

where A = U, ., As.

This estimate follows from (7.7), (7.8), the triangle inequality and Cauchy-
Schwarz.

Let 0 = 57 = 1 be a smooth function vanishing outside a neighborhood of 0.
Assume there is a constant B, independent of K, satisfying the inequality

(7.10) max

neS;

f @) — n, Ye(a)e ™ da

2
SBlgl

1 <k =K
Then (7.9) is bounded by
Ksy "+ c(sp)B

and consequently we may take in (7.3)
B
9 = S()_K + 'I_(C(So).

Thus, for an appropriate choice of s, = 53(K), it follows that 6(K)— 0 when
K — o0. It remains to prove (7.10). Recall that

Vo(@) = Kk(—n'a) with k()= 1y 'y,



Vol. 61, 1988 ERGODIC THEOREM 59

and the inequality

(7.11) sup|h xk; |

1A>0

1 =l KO)=A7KG)

used earlier in this paper.

A similar reasoning exploited in Section 3 permits one to deduce (7.10) from
the corresponding inequality on R. Thus one replaces x€Z by x +u, u€
[0, 1], and uses the fact that |e2™ — 1| < {; say, for a in the support of 7.

Consider for each k, smooth functions 0 = ,, ¥, wi = 1 satisfying

w(a)=1ifn7' = jal =n! and o) =0if |a| < in;'or || > 20",
(@) =1—wa) if |a| > in!, and y}H(a) =0 otherwise,
Vi (@)=1—wila) if |a] <2n;!, and w; (a) =0 otherwise.

Estimate (7.10) as

(7.12) %

1=k=K

f g(e)w(@)y a)n(e)e ™ da ! :

max
n

(7.13) + ¥ X

12k 2K nES;

[ g @viamtee = da

l 2
|2

(7.14) + <2 z fg(a)l/a @)V = Vo _NeIM(@)e ™ d o

k=K n€S;
where | ||, refers to the L(R)-norm.
By (7.11),(7.12) is bounded by (" referring to the inverse Fourier transform)

z

k

2
<CZ I g*a i
k

=cf|g(a)12(§iwk(a)|2)da

<clgls

sup|g *1j * a; *x k; |
A>0

by definition of w;.
Estimate (7.13) by Parseval and using the fact that

V(@) < cnYal™ M,

Thus, letting B = |a|"
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=clg "222UP[§ 2 X[(uz)n;‘_.,x[(ﬂ)”_lﬁ—l]

>0 nES;
(7.13) ;c"g";sup[ S eing ]
p>0Lnil =28
=c@)lgl?

using the definition of S, = [n,_,, n,] N {[(1 + €)"]} in the second inequality.
To estimate (7.14), write for n €S,

[V = VoY) S 1 =vu)| + |1 = v, (] Sclaln’.

Hence, again by Parseval

(7.14) =c|gllisup [E )} x[o,znm(ﬂ)nﬂ] Sce g3

>0 L k nes;

which completes the proof of Lemma 7.3 and hence of Theorem §.

8. Appendix 1: Pointwise ergodic theorem for random sets

There is a simple way of generating thin sequences of integers satisfying a
pointwise ergodic theorem on L?, p > 1, by choosing integers at random with
appropriate density. Recall that a sequence S C Z, is ergodic provided

1

4., N—=x
(8.1) m kgs ek —— 0 for x €I\ {0}.
’ k=N

An ergodic sequence satisfies the mean ergodic theorem

PROPOSITION 8.2. Let (6,),-1,.. be a decreasing sequence of positive
numbers and S C Z .. the random set obtained by including each integern €Z .,
in the set S with probability o,,.

(1) Iflim,. na, = oo, then S is almost surely ergodic.

(ii) Ifo, =n"'(loglogn)®, B>(p —1)"'(1 < p < 2), then almost surely S
satisfies the L°-maximal and pointwise ergodic theorem.

The main ingredient of the proof is the following fact.

LEMMA 8.3. FixN =1andletS C [0, N be the random subset correspond-
ing to the sequence of probabilities (0,), <. <n. Then with probability at least
1—1/N?
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1 1 N 1”2
(8.4) [—— Yzn-— 3 a,,z"]éc{logN/ ¥ a,,}
151N

|S| n€s zl;néNan"=1
forallz€C, |z| = 1.

PrROOF. Denote {£,}, <, <~ independent (0,1)-valued selectors of mean o,.
Thus S =S, ={1 =n <N |&(w)=1). For g = 1 denote

I, =

z &

1sn=N

q

Writing, based on Khintchine’s inequality,

Iq—s—< Z O',,)+ Z (én_an) é( Z O'n)
1sn=EN n=N q n<N
(8'6) +2 Z an(én - an)

nsN L(dw ® de)

é( 5 a,.>+2~/é 1E1E — a2, :( 5 an)+4\/f}1.;'2

nsEN n=N

it follows that

(8.5) I, < c max <q, 3 a,,>,
(8.6) ")élNan(én —-a,) . = ¢ max {q, Jé(é}v 0',.>m} if |a,| = 1.
Writing

< l 'Z(én —Un)) + Iz(én _o.”)zn‘
2a, 20,

and using the fact that sup,,, -, D(w, z) may be evaluated taking zin a net & of
2N points (by Bernstein’s inequality), it follows from (8.6) applied with
g=Ilog N<Z,_y0,that
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sup D(w, z)

lz]=1

=c
Lidw)

sup D(w, z)

ze8 q

(8.7) =2csup || D(w, 2) |,

zZEL

112
<c'{logN > a,,} .

n=N

Consequently, for an appropriate choice of the constant ¢ in (8.4), (8.4) will
hold with probability at least (by Techebychev’s inequality and (8.7))

- ee[ 22
log N

LEMMA 8.8. Let S be the random set considered in Proposition 8.2. Then
almost surely
Zu<n Oy V2 1 1
sup {———’N } { sup | Y oz — Y o,z }< o0
~n U log N lzi=11 [ Sy | nesy Z,<NOyns=N
Proor. It follows from Lemma 8.3 that Sy, fulfils (8.4) with probability at
least 1 — I/N2. Lemma 8.8 is now straightforward.

q 1
>]——.
q N?

sup D(w, z)

1z1=1

where Sy =S N [0, N].

LEMMA 8.9. Let S be the random set of Proposition 8.2 and | <p =2.
Then almost surely, for all N and some constant c, the following inequality
holds for an arbitrary dynamical system (Q, u, T):

sc =2y g,

Zn §Nan

o0 (5 (b

'SN| neESy ZnéNGN n=1

p

ProOF. Obviously, for p = 1, (8.9) holds with ¢ = 2. Hence, by interpola-
tion, it suffices to consider the case p = 2. If ¢ satisfies

log N \ 1”2
“<l5es)

2néN O,

1
¥ ozn— Y g,z

lSN‘ nESy 2y<NOpnsN

sup l

1z]=1

von Neumann’s theorem implies, for an arbitrary unitary transformation U on

a Hilbert space H,
1 1 log N \i2
LAk
B(H) Z,<n Oy

|SN‘nES~ z,,;,VO',,ngN

IA
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In particular, (8.9) holds for p = 2.

ProoF oF ProrosiTION 8.2, (1) Iflim, ., 6,n = x,then(log N)/Z, .y 0, —
0 for N— x.
Also, since g, » and 27, g, = x,

1
Y g,27—0 forz#1.
2 O,n=N
nEN
Hence, by Lemma 8.8,
1
Y z"—=0 forz#1l.
ISNI nesy

(i) It follows from (8.9) that

[ (37 (5o

lSnl nESy ZnéNo'n nsN

= c(log log N) 2| f -

14

Again, since g, v and Zg, = ¢, as a consequence of the usual pointwise
ergodic theorem

1 -

> a,,T"fﬁ——» L(f) as.
Opn=N

n=N

(8.11)

for f€ LP(Q, u), p = 1. Here L( f) stands for the orthogonal projection of fon
the T-invariant functions. Also

5 omfl
nsEN

Since |Sy| ~ (log N)(log log N)2, for f= 0

(8.12)

sup
N Z,, =N Un

{péc,, W fll, forp>1.

(8.13) sup l <Z T"f)éS sup

¥ |Sy| \resy

L T

k,N=22k 'SN l nESy

Thus, as a consequence of (8.13), (8.10), (8.12)
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o
N

|
T’l
Pise (gg )

=3

r

sup
N Zn<N (/9

(37

nsN

1 1
nT" _ Y
Z,,gNO',,(nENU f) |S,,| <nEZSN f)

1/p
éCI|f||p+(kElk“”””"> 171,

+3{ ¥

kN=22

p} 1/p
P

sclifil,-

Since S satisfies the L?-maximal inequality, the convergence a.s.

T"f—L(/f)

ISN, "€§SN

for f€ L?(Q, u) reduces to the case of bounded measurable functions. We may
then restrict N of the form [exp(1 + €)*], k = 1, 2, ... and the same reasoning
as above together with (8.11) leads to the desired conclusion.

REMARK. [t is possible to satisfy Proposition 8.2(i), i.e. S verifies the mean
ergodic theorem, without S satisfying a pointwise ergodic theorem on L?(€2, u)
for any ¢ < oc. Examples of ergodic sequences, which do not satisfy the
pointwise ergodic theorem for bounded functions, were obtained by A. Bellow
and B. Weiss (using different methods).

9. Appendix 2: Commuting transformations

Assume T,, T, ..., T, are commuting measure preserving transformations
on a measure space (Q, u). Let p,(n), ..., p«(n) be polynomials of n€Z,
taking integer values. Define

1 »-1
(9.1) d f=L1"S Tpm. ey,
A m=0

The same method which enabled us to prove Theorems 2 and 5 also permits us
to show

THEOREM 6. The maximal function Mf=sup,s |, f [ is L*bounded
and o , f converges almost surely for fin LX(Q, u).
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There are some natural applications of Theorem 6 where the conclusion of
the usual pointwise ergodic theorem is made more precise. Consider for
instance the ergodic transformation 7 on the 2-torus given by

Tx,y)=x+y,y+a)
where « €ER \ Q. Then
T"(x,y)=(x+ny +in(n — Da,y + na)

and for ¢ a bounded measurable function on I (identified with the first
variable) the pointwise ergodic theorem gives

(9.2) hm— Z w(x+my+ m 1) ) fgo

=L N p=1

almost surely with respect to the variables x, y. It follows from Theorem 6 that
in fact (9.2) holds almost surely in x, for any given point y €11 (i.e. almost
surely on every fiber). Indeed, the last statement is valid for ¢ a trigonometric
polynomial IT (since « is an irrational) and extends to LXTT) because of the
boundedness of the maximal operator .# f = sup, | o/, f| where &/, is given
by (9.1) taking k =2, T, = y-shift on I, T, = e-shift on I, p,(n) = n, py(n) =
nin —1)/2.

B. Weiss kindly pointed out to me that the commutation hypothesis on
T,,..., T, is essential in order to have an ergodic theorem.

We may assume p,(0) = - - - = p,(0) =0 in (9.1). Notice that if p(n) takes
integer values for n €Z, then p must have rational coeflicients. If g is a
common denominator of the coefficients of p,,..., p, one has for n =
mq+r,0=r<gq

pj(”) = Pj(r) +ﬁj(m)
where p; has integer coefficients, say

pi(m)= a,,,m‘ (a, €EZ).

Hence
THm . TR = Umrym™ . - UmITeO . L TN
denotingfor 1 =t <s

Ul = T'au. . Tfk,l_
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Consequently, the proof of Theorem 6 reduces to the particular case
p(m)y=m, p(m)y=m? ..., pm)=m*

(where k takes the value s above).

In proving the maximal inequality, the general model (Q, u; T,,..., T;) is
equivalent to the model (Z%;S,,...,S,) where S; is the shift in the j-
coordinate. In this case, simply define for fixed x €Q

f(mh "'5mk)=f(Tlml' ¢ 'T/:nkx)'
In the model (Z%, S,, ..., S;), we have

1 n
o, f=f*K, where K, == 3 Onni. mh-

N m=1

The relevant exponential sums are now given by

n
(93) Kn(al, e ak) — % 2 eZni(nm,+m2az+--~+m“uk)'

m=1

For 6,,...,6,€[0, 1[N Q with common denominator g <n’, define the
“major box”

MO, ..., 0)={(a), ..., )ET* | |a;— 0| <n (1 =j =k)).

Here 0 <J < 1. It follows from Theorem 3, Ch. IV in [Vin] that if &=
(ay,...,,a;) is not in a major box, then

(9.4) K (@) <n~?

for some ¢’ > 0.

In fact, we do not need the sharper estimate of [Vin] for our purpose and the
previous statement can be obtained by successive applications of Dirichlet’s
principle and H. Weyl’s estimate Lemma 9.5, starting from the highest
power k.

LEMMA 9.5. Let fix)=ax +ax*+ -+ +ax*and |a, —alq} <1/q?
(a,q)=1. Then

n
Z e2mf(m)

m=1

=n'""[g "+ n ' +qn*) wherep =1/2%""

(cf. [Vin] p. 4)
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Let now &E.4(0,,. .., 0,) and write 6, =a,/q, o, =6, + B,, |B;| <n /™2
Write m =qd +r where 0=d <n/q and r=0,1,...,9 — 1. Then for
j=1,...,k

am’ = (6, + B)gd +rVEZ + 81 + Bigd + o(n~"+%)
and hence

1 n
— Z eZ”i(m“1+"'+mk°‘A)

Nm=

lag! 20i(rB, + + - - +1%6,) [q " 2ni(Bqd + - - - ik -~ 172
= < — E e'm(’l ! 0% 1— 2 e-m(ﬁlq ' +5"q ) +0(n )-

qgr=o0 Nd=0
Denote
W(-\’) =a1\v\‘k + ak_l,\'k—l —+- .o +a1X

the rational trigonometric sum

(9.6) S (ﬂﬂ) B~
q r=0
and
_ 1 n )
(9.7) "n(ﬂ)=—f ean(ﬂk}-k+...+ﬂl}.)dy'
nJo

Then, from what precedes
. 1 b ~
(9.8) K, (a)=-S ((/’(_’Q) vAB)+ o(n .
q q

Our next concern are estimates on the S(p(x)/q).
LEMMA.,
(9.10) If(ay,...,a;,q)=1andqisprime, then |S(p(x)/q)| < kx/&.

9.1 If(a,,....a.,q)=1,q=p°withpaprimeands > 1, then

()

O.12)Ifq = q,q;- - -qvand (q;, g;) = 1 for j # J', then there is the identity

g
p

=c
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S (¢(X)> _s (Qr‘w(Q]x))_ .S (Q{ ‘¢(Qkx)>

q a 4
where Q; is defined by q = q,0;.
(5.13) If(a,...,a,9)=1, [S(p(x)g)| = clk)g' ™.

Assume (ay, . .., a, q) =1, q has a prime factor at least equal to s
9.14) and g > s'*°. Then
|S(p(x)/q)| = cgs™ 27

ProoF. (9.10) is the A. Weil estimate (cf. [L-N], p. 223).
(9.11) Let0=r<p’,withr=y+zp 'where 0=y<p'and 0=z <
p. Then, as in (6.8)

g-1 p—-1
2 ehiw(r)/q: E eriv(yVq 2 eniv'yylp

r=0 O0sy<p™! r=0

=p Z emivyg
0sy<p'™!
PI9(y)
It is easily checked that #{0=y < p*~! l p divides ¢’(y)} is bounded by
c(k)p* 2. Hence

| S(p(x)q)| =cp*~'.

(9.12) Is straightforward (see [Vin], Ch. IIl. Lemma 1).

(9.13) Is due to Hua. In fact it would suffice for our purpose to estimate
[S(@(x)/q)| <cq'~? for some & > 0. Such an estimate is given by (9.5).

(9.14) Write g = p'q’ where p = sis prime, y = 1 and (p, ¢’) = 1. By (9.12)
we have

s (M) _s <(q’) - ‘so(q’x)). S (p “7o( pyx)) ‘
q r q’

If y > 1, it follows from (9.1) that | S(p(x)/q)| < cgp~'.
If y = 1, it follows from (9.10) and (9.13) that

|S(¢(X)/Q)| = cpl/7(q/)l-l/k = CqS“Z_”k+”k(l+5).
Proceeding as in Section 6, define for diadic values of s

Qs —- [S!]c(k)[losﬂ
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where c(k) is an integer depending on k and let further
I={@,....a0,0)|(a,...,a,q)=1andgq|Q,},
I, =T\TI,_.
Define for a = (ay, . . ., a ) ETT*

I:n(d) = V,,((—X) + 2 2 S(q’ ap e ak)vn(& - 9)'//:(& - B)

s diadic (a;,....ax,g)ET;

(9.13) + ¥ Y S, ay. .., a)v.(a— 0)os — ws)a—6)

s diadic (a,....a,.9)ET,
q <g'*d

where v, is given by (9.7), § =(a//q, . . ., a/q),

1
S(g,a,...,q) =—S(M> with p(x)=ax* + -+ - +a,x,
q q

and for0<p <1<k, 0=¢s=1and 0= ys <1 are smooth functions satis-
fying
ps(B)=1 if|f| <27 and ¢yB)=0 for|B|>2.2""),
ws(B)=1 if |B| <276 and ws(B)=0 for|B|>2.2"6.

Here we denote || = max(|f,],..., |B«|) for BER~.
(9.15) Is thus a complete analogue of the formula for L, () given in Section 6
by (6.11), (6.12). Rewriting

vn(ﬂ_) + fl eZni(n"ﬂ‘)c“+n""Bk_|x“"+ s +nﬂ|x)dx
0
it follows from van der Corput’s lemma that

— 1tk
9.16) m(ﬂngc[w 5 nfum] .

=T -¥4

We are now in a position to repeat verbatum the proof of Lemma 6.13 to show
the inequality

(9.17) | K, — Ly | <c(logn)~°

for some ¢ > 3.
Thus, denoting again D = {2 | k =1,2,...}, the evaluation of the maximal
function
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sup | f* K, |
nED *z"
reduces to
(9.18) sup | f*L,| .
neD zh

Invoking the same argument as in Section 6, the proof of the L2-boundedness
of the maximal operator is completed by the following lemma.

LEMMA 9.19. Let 0=< ¢ =<1 be a smooth bumpfunction on R* vanishing
outside a t-neighborhood of 0. Let R be a set of points 8 in Q N [0, 1]* which
can be given a common denominator Q satisfying

Or <1,
Define
(9.20) A, f(x) = %R vo(a — ) flare ™ p(a — f)da.
Then
©.21) supluf) | =l Sl

ProoF. Repeating precisely the argument developed in Section 3 of this
paper (in its k-dimensional version) permits us to derive formally (9.21) from
the following inequality in Euclidean space:

sup| [ (DF(BpB)e*rdf
n€D L¥RY
(9.22) ) 12
<c ( I F(B)mo(/wd/f) .
Consider the curve I in R* parametrized by y(¢) = (¢, £, . . ., t*) and let n. u,

be the image measure on R* induced by y,. Thus

va(B) = £,(B)
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and consequently, the left member of (9.22) equals’

|

(9.23) sup || (pF)” * | |y
n€D LYRY)
We know that
k
(9.24) 1= i(@)| =c ¥ n'la,
j=1
and also
ko -k
(9.25) |mmﬂécb+2n4%@ .
j=1

Estimate | sup,cplf*u,| || by a standard Fourier transform argument.
Denote (P,),., the standard 1-dimensional Poisson-semigroup with Fourier
transform P,(1) = e ', Define

K,=P,8P;:® ---®P,
on R*. Hence

sup | f*K,| = sup [f*(P,® ---®P,)|

fe i >0
defines an L*-bounded operator (by iteration of the 1-variable result). Next,

estimate

(9.26)  sup|fru,| Ssup|fxK, | +( S 1fx(K, —un)P)m

n€b n nepD

where

- 2
I (Z1 /% (K, = )1 ||2=1ka If(oz)lz{z | K (@) — @) Z}da}l

neD
by Parseval’s identity.

Hence 1t remains to show that

2 IK;(d)“ﬂnU”lz

n€bD

<c

X

t This is a special case of maximal functions associated to homogeneous curves, cf. [St],
p. 404.
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which is immediate from the fact

A ko koo — 1K
‘Kn(d)—ﬁn(d)l écmln{z njlajl:[z njlaj‘:l }

j=1 j=1
as a consequence of (9.24), (9.25) and since
K, (&) = e ~Irlal + - +nkial)

This completes the proof of Lemma 9.19 and thus the L?-boundedness of the
maximal operator associated to (9.1).

To prove the almost sure convergence of the </, f, we proceed as in Section
7, elaborating on what was done earlier in this section. The details are
completely straightforward and left to the reader.
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